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PRELIMINARY ANALYSIS OF THE HALF-WAVE BRIDGE MACNETIC AMPLIFIER

Tepared by:

H. H. Woodson

ABSTRACT: Two half-wave bridge magnetic amplifiers -- one with parallel
reset circuits, the other with series reset circuits -.- are analyzed using
only linear circuit theory and Faraday's Law. The principal sssumnrtions
used in the analysis are rectangular B-H loop reactor core material and
resistive rectifier impedances, The results of the analysis are discussed
with particular emphasis on the effect the various circult paramaters

have on the amplifier gein. Scme design criteria sre established and
theorevically justified. Tiie extensions of this type of analysis to

other than the half-wave bridge circuit are indicated.

U. S. NAVAL OKDNANCE LABGHATORY
White Oek, Maryland
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The use of the half-wave hridge mugnetic amplifier in high performance
servo aystems has proved practical. Optimum design of this amplifier
is best achlieved if the operation is described cuantitatively in such a
manner that the effect of each individual cumponent on the amplifier
gain is apparent.

Under the Magnetic Amplifier Development Program, NOL-A8f-1-2-54, and
the rugnetic Ampiifier Servo System Development Progrem, NOL-Bia-78-2-54,
a quantitative analysis was sterted which pave the informaiion desired.
This report covers the preliminery part of this analysis. Further
detuiled analysis and experimen*zl checks will be given as they are com-
pleted,

EDWAKD L. WCODYARD
Ceptain, USN
Cummander
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PRELIMINARY ANALYSIS OF THE HALF-WAVE 3dIDGE MAGNETIC AMPLIFIER
INTRODUCTION

1., The application of the half-wave bridge magnetic amplifierl’2’3 to
high-performance servo systems has been quite successful, This suc-
cess is attributable to a number of sdvantuges this circuit has when
compared to other types of servo amplifiers. ‘Tne principal advantuges
of the half-wave bridge compared to vacuum tube amplifiers ure rugged-
'7
’ H

ness and reliability, and ease and simplicity of compensation.4’5*
Compared t¢ conventional full-wave magnetic amplifier circuite the half-

wave bridge magnetic amplifier hus the advaniages of fast responsel’3
and ease and simpliciiy of compensation.

2. When the half-wnve bridge magnetic amplifier was first used the
dosign of an amplifier for a specific application wos achieved thro :h

the use of past experience and cut-and-try procedures, A partial .lution

to this difficulty wss cbizined wvhen a good qualitative design prc .edure
was developed at the Naval Ordnance Laboratory. This design procedure,
preserited in reference (3), pointed out the significant parameters to be
adjusted for best operation and gave the method of adjustment. Being

qualitative, this design procedure stiil left some adjustments to engineer-

ing judgment,

3. The analysis in the present report is intended to supplement the
design procedure given in reference (3). This is achieved by using the
same fundamental epproach as in this reference, but the circuit is
examined in greater quantitative detail,

DESCRIPTION OF CIRCUITS

4s The half-wave bridge magnetic amplifier circuits to be anulyzed are
shown in figures 1(a) and 1(b). The only difference between the circuiie
is in the confipuration of tne reset circuits. The bridge of figure l(a)
hes parallel reset circuits, while the bridge of figure 1(b) has series
reset circuits. The differences Iln the operstion of the two circuits
will be made evident in the analysis to follow.

5. Each of the circuits of fijure 1 employs two saturable reactors,
One reactor has power windings N1 and N3, reset windings N. , and control
1

winding Ncl; while the other reactor has power windings N, und NA’ reset

winding Nr2, and control winding Nc . Note that all windings with odd
: Pl

subscripts are on one reactor while all wilh even subseripts ‘nre on the
other reactor,
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€. Briuefly the half-wave bridge circuit operates as follows. The bridge
stays balanced under zero signal conditions tecause during the reset
half-cycle (when the supply voltage hus the oppoaite polarity to that
shown in figure 1) the flux change from saturation, produced by voltags
across windings er and er, is the same., As a result, during the

coerating half-cycle (when the supply voltage has the polarity shown in
figure 1) both reactors reach saturation at the ssme time maintaiaing

zero load current. A control voltage, v,, applied tc the differentially
connected control windings Nc1 and N, will produce a difference in flux

tween the two reactors during the reset half-cycle. This flux differ-
snce causes the reactors to saturate at different times during the nex%s
operating hslf-cycle., During the interval of time when one reactor is
saturated and the other is unsaturated, current. will flow through the
load resistance Rj. The direction of load current flow is determined by
the polarity of the control voltage.

7. The presence of the rectifiers in the circuit maxkes the conditione
different during the reset and operating half-cycles; consequently, these
two modes of operation must be considered separately., Before the anelysis
cun be sturted, however, assumptions must be made regarding the ncn-
linearities in the circuit.

ASSUMPTIONS

a, Each of the reactors is assumed to be a four terminal-pair network
with a number of turns associated with sach terminal pair as shcwn in
figure 2%, This network is utssumed to have two modes of operaticn. If
the external circuits can supoly sufficisnt current and the core fi.
level, @ , satisfies the relation

|$1< |d] ()

where ¢s is the saturation flux of the core; then the following two
relations describe the operation of the reactor:

._c;!.= e;,_ev_ S,
NTN, TN R @

and

Nyi,+ Nyiy + Npip+ N, le = (NI), @

# The d-c resistances of the windings are lumped with the external circuits.
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where (NI) is the coercive ampere-turns of the ccre. To maintain accuracy
in design this coercive force must be measured under the approximate
conditions to be analyzed, i.e. at the line frequency to be used and
operating about a minor loop. If the external circuits cannot supply
sufficient current to satisfy equation (3), or if the core flux &

equals the saturation value #* &, each pair of terminals of the netiwork
of figure 2 is short-circuited with né mutual coupling between terminal
pairs. The above characteristics describe a reactor with the flux ampere-
turns loop shown in figure 3 with

¢ t ¢ t
= e IR, < ¢ 4
4> N, :Z:izld‘ = N Ca dt -;EE:£n=}<Jt rv{jz:;hgcg ’ ( )

~e0

and
(Ni)= Nyiy + Nyip + Nyip + Ne e, (®)

If the loop 1s crossed at any flux level, the operating path is at con-
stant flux as shown by path a-«bh in figure 3. The winding resistances are
lumped with the external circuits and the leakage reactances are assumed
zero, & good assumption with toroidal reactors. The above assumptions
concerning reactor characteristics are quite scgurate for a reactor using
& rectanzular=loop core material such as Orthonol.

9. The rectifiers are sssumed to have the equivalent circuit shown in
figure 4, where the rectifier, RX, is perfect (zero forward impedance,
infinite reverse impedance) and Rfl and RR are the constant forward and

reverse resistances respectively. There are two sources of error in
these sssumptions. First, the forwexrd and reverse resistances are not
constant; however, when the values are measured as average values under
a~c operation at apprecximately the frequency, voltage, and current levels
occurring in the amplifier circuit, the errors will not be intolerable,
Second, selenium rectifiers exhibit a capecitive reverse impedance; thus,
the error due to capacitive reverse current increases with increasing
line frequency. The addition of an equivalent cupacitance to the circuit
of figurs 4 complicrtes the analysis to follow, and the analysis neglecting
the capacitance is sufficiently correct; consequently, capacitance of

the rectifier is neglected. Of course, if germanium diodes are usad,

the capacitance is negligible and the equivalent circuit of figure 4
bacomes a better approximation.

10, All other components in the circuits of figure 1 are assumed to be
resistive.
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ANALYSIS FOR QUIESCENT CONDITICNS
(Complete Analysis in Appendices A, B and C)

11. In the design of an amplifier for a given application, a knowledge

of the quiescent operation is desired for twe reascns. #irst, the "firing
angle" (the angle during the operating half..cycle at vhich the reactors
saturate) must be sdjusted to provide the proper phasing of ths funda-
mental frequency component of the output voltage to provide optimum con-
tr~1l of a two-phuse servo imotor or to plece the output pulse at the
position in the operating half-cycle to give optimum control of & suc-
ceeding cuscaded amplifier stage. Second, the quiescent power will be
limited by the speciflied allowable temperature rise in the amplifier.

12, The quiescent "firing angle", wty, for the bridge of figure i(s)
with parallel reset is given by equation (Cll) of Appendix C:

wty= cos™ {l = z( d'—;-)(cos sin"' o - ol cos"«.)} ’ @)

vhile the quiescent "firing angle" for the bridge o. figuras 1(b) with
series reset is glven by equation (Ci2) of Appendix C:

wty= cos” {l"' H((;Sﬁm (cos sin™ ap ~ ®oCOS” ﬂo)} (M

In equetiorz (6) und (7) the factor o 1is given by equation (Al3) of
Appsndix A as: °

i N, V: (8)

In the above expressions:

Nr = Number of turns on reset winding

Ns = Number of turns on one power winding

Rb = Resistance of reset circuit

RH = Reverse resistance of one power circuit rectifier
Vs = Amplitude of supply voltage

&~
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w Angular frequency of sui, ly voltage

(NI)

Coercive mmf of reactors.

13. In the design of an amplifier for a vartleular application the power
winding turns, Ng, rectifier reverse resistance, Ry» and coercive mmf (NI)

are detennined from load considerationsB, i.e, power requirements and
impedance level*,

1l4. The parameters remaining for adjustment of the "firing angle" are
the reset resistance, Rb, and the reset turna, N_ . After the proper

firing angle has been chosen, the values of Ry, and N, are set by gain
considerations to be discussed later, using either equation (6) or (7)
as a constraint on Rb and Nr’ depending on whether parallel or series

reset is used.

15. The considerations discussed above determine all the parameter
velues in the expression of equation {6) or (7). Thius, control over the
gulescent powsr must ve exercised with some parameter other than those

givan in these equations. Thae averayre gquiescent power, Pq, is given by
- equation (C6) of Appendix C as:
2
V,
= 2! ('T wts «g-smwt,coswtg) (%
T (R +Rp)

Sarles resistance in line

where Rs

Ba

L

caturated forward impedonce of one arm of powver circuit

and the firing anple uota is given by equution (6) for a onridve with
parallel reset or equation (7) for a bridge with series reset. Zince

all the purameters determining the firing angle, u)tB, have elready been
determined, the only parameters left for adjustment of the quiescent
power are the resistances R, and Rf' In the treatnent of puin to be
given subsequently it will be shown that the pain is not uffected by the
line recistance R;, while it is affected by the saturated impedance of
the bridge Rgs consequently, the line reslistance R can be uscd te limit

the quiescent powar dissipated in the briiyre whi le not LoF ecting the
gain of the stage,

i

The fact thut load conslderutions fix rectifler reverse reslisiance
nay not be readily obvious because the rectifier forward ilmpedunce is
the parumeter primarily fixed by loud considerations. The tyne of prec-
tifler (selenium, permanium, etc.) to oe used is chosen frum operating
conditions (temperature, voltape, etc.) and for any type nf rectifier

the reverse reslstance varies nearly in :direect provortion to the ‘orward
resistance.
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ANALYSIS FOR SIGNA!, CONDITIONS*
(Complete #nalysis in Appendices D, E, F, G and H)

16. For the half-wave oridge circuit with parallel reset circuits of
figure )(a) the aversge load voltage, V , as & function of the direct

control voltage, V,, is given by equation (61) or Appendix G

B Y[ KNe NV |
o) i M card

Ng Ry
N; v ""N’T MY SRRV
o cos 8in (‘0 &, Y&/
ERLTE LI LY
LN °
Ne Ry
-£08 sin"'(«. wta\‘.) = LJ_E VR. -y [sin"'(d.'#ﬂgvg)
'"* N Ra

- sin"'(«.-"e%)]j;! ) (o)

where oC  1s given by equation (8) and oty Oy, and K, are given by
equations (D8), (D19), und (D34) of Appendix D thus:

..ﬁr___R.‘_'_!‘.—, (||)

* The analysis in this report is carried out for a direct control vol-
tage; however, any controi voliage which is a specilied perirdic time
function with the period equal to the period of the supply voltage can
ve used. The nodifications that need to be made in the analysis for

such a voltage are evident in the form of the analysis.

6
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I.}Q.

Ne R Ny
oy = FQ: 'Q: [} +-z(rhtr .ii. ‘.‘Q~—- . (iz)
N, N\* §
(v R [1+2fRe) Rav2(7) =2
2
K, = m—;—- (b))
F‘. 4F F‘.

17. For the bridge with series reset circvits of figure 1(b) the averags
losd voltage us & function of the direct conirol voltage is from equa-

tion (H1) of Appendix H:

\JL:=(;‘ R. ‘) "trﬂg__ 'V.\é.‘:°‘|l<?‘°‘+.°"\/!)

Rc'.'klN: T

Ng Ry
N, V. | 4+ ¥ : g ' 5 (d.,-“.\/)
+— L cos 3in 3
TR
N, Re Vs
-COS ‘"\'(uo-g-o(.\/) (_NL.nﬁ—E‘- do)[un"("oi"“lvfb
N, Ra
= sin"(u.-“;vg)] 9 (14)

where o, is given by equation (8), otl is given by equation (11) and
o/3 and K, are given by equation (E18) and (E31) of Appendix E as:

7




T N Re N,/ R ] (15)
Ng BenT/NNRR, . NG\ R
(e mlld e +(R) &
'<;=‘{§E?' (3]

18, Note that the line resistance Rg does not appear in either equa-
tion (10) or (14) indicating that the gain of the stage is indepenieni
of this resistance. Thue the quiescent pcwer dissipated in the bridge
can be limited by this resistance without affecting the gain of the
stage. As pointed out below, & value of R; too large will 1imit the
maximum ouiput of ine stage.

19, Fquations (10) and (14), the transfer function! ‘cir the bridges of
figures 1(a) and 1(b) respectively, appear quite complicated. These
squations are useful in an investigation of the magnitudes and types of
non-linearities inherent in the circuits when "ideal components"

(i.e. rectanguicr B-H loop cores and resistive rectifiers) are assumed,
In a practical amplifier the non-linecrities indicuted in equations (10)
and (14) are small compared to the non-linearities caused by the breek-
down of the assumptions on which the equivslent circuits are based.

20, In the analysis of the resest half-cycle (see Appendices D and F)
the power circuit rectifizrs were assumed to have reverse voltage on
them during the entire reset half-cyole, Control of the circuit is
affected by increesing the volt-time integresl on one rsactor while de-
cressing it on the other. These changes in volt-time integrals are in
turn erfected by changing the voltages orn the reactors. If the voltage
on one reactor becomes high enougn to overcome the supply voliage, for-
ward current will flow through the power rectifliers associsted with that
reactor and form a low impedance path, shunting the control winding of
that reactor and thus limiting the volt-time integral that can be
applied to that reactor, For example, consider the power circuits of
figures (15) and (18). As the control voltage V, is increased in the
pclarity shown, the voltage e, will increuse while the voltage e,

L

2
will decrease. When the voltsare Z(Ns/Nc)ecl tries to bscome greater

then the supply voltage v, the power circuit rectifiers onssociated with
reactor 1 conduct forward current. Consequently, for these rectifiers
the forward resistance R must be substituted for the back resistance

RH and, since R, << RR’ the control circuit of reactor 1 i3 shunted

fq
8
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by a very low impedance. Thus the flux change in reactor 1 is limited
at this voltaga level and the gair of the bridge falls off rapidly at
this point. In most, practical ampiifiers this effect is the primary
limitation on the extent of the linear range.

21, In the analysis of the operating half-cycle (see Appendix F), the
conditions for validity of the analysis are that the firing tine of
reactor 2, tgy be greater than zero, an! the {iring time of reactor i, t9

be less than ’yéu . When either of these conditions is not sutisfied

the analysis of the operating half-cycle breaks down and the gein falls
off rapidly. Iy most circuits the paerameters can be adjusted so that
thie 1imit on the analysis is reached at a larger value of control vol-
tere than the limit on the reset half-cycle discussed previously. If
tou large a line resistance, Rs’ is used, the firing time, t9, of reactor 1

may reach the value ‘54;\ at & volue of control voltare at which the

analysis of the reset circuit still holds, thus limiting the maximum out-
put of the amplifier.

22. 5ince ihe non~linearities indicated in equations (10) und (14) are
second order effecls compared to the non-linearities resulting from a
“reakdown of the assumptions in the enalysis, they may be dropped and
equation (10) can be simplified to:

Y‘—': ( Ry \)( Ky Ne 5 _'j-‘cos"oto 5 a7
Vc \RL*Rﬁ, \R£+K|N¢ ™

and equation (14) can be sinplified to:

VL.__(I Re / Ka Ne -’!I cos™ oto . (!&)
Ve

Ve R.+R: \ Rc"'KtN:

Both of these equations have the same form:

\ (-3
.\./:.; ___@,__) K Ne _Tﬁrg cos™ o | ()
V, \R.+R¢/\ R+ KN

where K and cio are independent of the control turns Nc' Since the

control circuit resistance R, is deternired by the contrcl source nnd

9
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the rerainder of the parameters are {ixed from considerations of the

load and the amplifier firing angle, they nre generally fixed in any

application. Therefore, the control turns should be optimized for mexi-

mum gain. When the expression of equaticn (19) is differontiated with

resprct to N and equated to zero the condition imposed upon Nc to pro- .
duce maxiirum gain is:

_ [R. 2
Ne =y . (20

Substitution of this cxpression into equation (19) yields:

.YL-.,( R, )/?‘ N - (20

R+ R 2w L

Much goeod design information can be obtained from this expressicn; how-
ever, the results are more lucid when the power gain of the amplifier is
studied. Using the expression of equation (21), the power gein, with
control turns N, sdjusted according to equution (20}, is:

V 1y R K 01- -ty A
(Vc RL ) ( +'h;;)i 4 wt (C“ '“"’- (2'2)

Nota that this expression is independent of both control turns N and
control circuit resistsnce Rc; asonsequently, sc long us the contrcl cir-

cuit is optimized according to equation (20) the power gain is a constant
maximum independent cf the impedance level of the control circuit.

23, To allow study of the effect of different paramsiirs on the power
roir, values of K, from equatlon (13) and o from equation (8) are

substituled into equation {22) to give the power gain for the circuit
with parallel reset (figure 1(a)).

(MR~ [ | 28 [ R T (22)
V) R (Ror R\ 4 2 BF %.4.2_[,417 %’t%.‘._l

Substitution of o , and K, from equation (16) into equation (22) yields

the corresponding power gair for the bridge with series reset (figure 1(b)).

16
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R.ND 2
2
V) R, R, R - 73:v. (24
Vi RCErRY 4m | TR
cl 'L L f N’;ﬁ;

<4e Although optimization of these two expressions with respect to the
various parameters is quite complicated; useful design information can
be obtained by studying the expressions when ideal components are sssumed,

25, First, when 1desl rerctors are assumed (coercive, (NI), equal to
zero), the argument of the arc cos term in each of the power gain ex-
pressicna goes to zero, giving for eouations (23) and (24) respectively:

(V-_)z Re R _8, __85-.? : (25
Ve RORARY O 24yl
V. \? Re R, Ra (26)
(vc) R, “[RoeR: 16
Thus with ideal reactors th~ gains of the bridges of figure 1 ere limited

principally by rectifier .everse resistance Ry.

26, When the rectifier reverse resistance is nmude very larjge the ex-
pressions of equations (23) and (R4) become raspectivel,:

\A ?-Rc R L N2 el
] B oRas £ - RyNI)
(Vc R (RorRey 2 TgE ™ E“ N |0 @

(v._)‘ Re. B Fa [orn Mf. (28

VR (Ror R 4l TNN,

7. It is evident from equation (27) that for the bridge with purallel
ruset the power gain is limited by the reset circuit, while in the
bridge with series reset the power gain increases directly with the rec-
tifier rever-se resistance, It is pointed out that with dry-disc recti-
fiers the reverse resistance of a rectifier can be increused with an

11
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attendant increase in forward resistance; consequently, since the term
Re in the above expressions contains the forward-resistance of a power

rectifier, caution must te used in trying to achieve higher gain by
increasing the power rectifier reverse resistance., The expression of
equaticn (28) shows that if synchronous choppere are uzed for the power
rectifiers quite a large gain can be obteined with tke bridge having
series reset.

28. From the nature of the arc cosine it is evident that equation (23)
can be further maximized by requiring that the reset resistance Rb b

7zero. This reduces equation (28) to:

$ Te - (29

(Nots that thls expression is independent of the coercive, (NI).) To
athleve this and still have a good linear range in the amplifier, the
reset turns N, must be greater than the power turns Ng as shown by a
consideration of the firing angle (equation (8)) and a study of the
equivalent circuit. Ore ccmplication arissz in such an adjustment. Due
to the mapnitudes of the voltages appearing in the reset circuit a
chopping action is required to keep the reset circuit from loading the
power circuit during the saturating half-cyrsls. This chopping action
can be achieved through the use of a synchronous chcopper or a biased
rectifier.

CONCLUS IONS

29. The special cases for the bridges of figure 1 given above demonstrate
the usefulness of this analysis. The analysis can Le examined in greater
detail to give more infcrmation concerning the effects of various com-
ponent: on the operation.

30. Since the time delay through a half-wave bridge magnetic amplifier
stage 1s a constant, independent of gain, and since the gain is mainly
determined by the power rectifier reverse resistance, "figure of merit"
as applied to full-wave circuitry has no meaning in connection with the
half-wave bridge. This is true because the gain is nct a functicn of
the time constant of the emplifier.

31, A conventional full-wava magnetic amplifier circuit can be broken
down intc two half-wave cireunits; consequently, ai analysis of this type
is applicable to a full--wave circuit with only one generalization -- that
of an additional control voltapge feeding intn the ~ontrol circuit of

each half-wave circuit from the other circuit. Such a view-point is a
new appreach to an analysis of full-wave circuits because most analyses
in the pust huve started with a single-ended full-wave circuit as the
fundamental building block.

12
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ANALYSIS DURING WFSET HALF-CYCLE OF CIRCUIT
WITH PARALLEL RESET FOR QUIESCENT CONDITICONS (vc = 0)

1. Under quiescent conditions (v, = 0), the bridge of figure 1(a) is
always balanced; therefore, no net induced voltage appears in the ccn-
trol circuit. Consequently, the control circuit can be disregarded in
an analysis of quiescent conditions. Since the bridge is always balanced

both reactors operate identically. Hence only cne reactor need be con-
sidered.

2. At the start or the reset half-cycle (t = 0), both reactors are at
point a in figure 5. As the line voltage builds up, the operation of
the reactiors proceeds from point & to point b in figure 5, reaching
point b at tie time t;. In view of the assumptions concerning the

reactors and rectifiers, the equivalent circuit during the time interval
0< t < Y is shown in figure 6. Additional assuaiptions concerning this

equivalent circuit are that currents flowir ' during the reset half-cycle
csuse negligible voltage drops across the line resistance Ry and the

load resistance Ry s and the circuit parameters sre so adjusted that re-
verse voltage 1s always applied to the rectifigrs.

3. Considering oniy one reactor, since both operate identically, the
equivalent circuit of figure 6 is described by the following equations:

= (A)
i“%’ (Az)
2 Ngis+ Nyip = Ni. (A3

4o These equations hold for the interval of time 0 < t <« tl, where t

is defined us the time at which the net ampere-turns on either reactor
equals the coercive value, (NI). The time t) is found from the above

definition and eguation (A3) thus:

1

, : - \ M)
-g—:\/s sin wt, + R&b\/ssn‘\ wh —(NI). (

Solution of equation (A4) for the time t, pives:

a

13
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Ry (NI)
ty= “'-,- sin' _NeMs__ | ;s)

|+ Do By
Ny Rpa

5. Aftar the tirme tl the operaticn of the reactors proceeds from
point b to point ¢ on the loop of figure 5, ar:iving at point ¢ at ths
time t,. Thus, iIn the time interval t, < © <t,, the equivalent circuit

is that shown in figure 7. The equatiovns describing either reactor in
this equivalent circuit are:

%=ihRete, , (AC)
Vo= I.SZRQ*'%:Qrs (A?)
Nysv"'ZNSis‘(NI)O (Aw

Two quantities are desired from this set of squations -- the voltage e.

to find the flux @ produced in the reactors during the rerat half-cycle,
and the time t, at whic’' the voltage e, goes to zero, such that
T

Tew<t <

6. Simultaneous solution of equations (A6), (A7), and (AB) yields for
the voltape e.:

Ng R R
Wl + RERE]- A VD

MY 7 L

'i‘ho time t,, defined above, 1s found by equating L to zero. The result
s:

A9

tl'-'%—tg P’ (A‘Q

7. The flux change # from figure 5 is given by Faraday's Law to be.

=-L-f;‘y dt. (A“)
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Substituting eguation (A9) into {(All) and evaluating the integral with
the limits defined by equations {(A5) and (AlQ) gives:

2% 7)ol a.\ r Ry(NT) R(ND R.(NI)W
riU+ Ny Ra cob £ird N Vg _ i‘\vl Us___ cos” NV . (A'?-)

N, V,
®, = — - A1)
o= — = L ° A
And then equation (Al2) becomes:

—Rf'( AR

_-——Tr- Fo‘ ‘l.n.'«o - “. COS.'O(.j 2 (AM)
Rl =
> n

8, During the time interval t, <t <V4, , the external circuits can

not' supply the coercive ampere-turns of the reactors and the reactors
operate from point ¢ tc point d@ in figure 5. During this interval of
time the equivalent circuit is once again that shown in figure 6. No
flux change occurs during this interval; hence the total flux chance
during the reset half-cycle is given by sequation (Al4).

15
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APPENDIX B

ANALYSIS DURING RESET HALF-CYCLE OF CIRCUIT WITH SERIES RESET
FOR QUIESCENT CONDITIONS (vc = 0)

1. Under quiescent condit.ions (vc = 0), the bridge of figure 1(b) is

always talanced. Under these conditions the not induced voltage in the
control circuit is always zero; consequently, the control circuit can be
disregarded in this analysis., Also, since both reactors operate iden-
tically, the operation of only one reactor need be considered.

2. At the start of tue reset half-cycle (t = N), both reactors are at
point a in figure 5. As the line voltage incresases, the operation of
the reactors proceeds f'rom point a to point b in figure 5, arriving at
point b at the time . Then, for the interval of time 0 <t <t1, the

equivalent circuit of figure 1(b) is shown in figure 8, assuming once
again thet currente flowing during thc reset half-cycle cause negligible
veltage drops across the line resistance Rs and the load resistance R ,
and the purameters are adjusted to maintain reverse voltage on the
rectifiers.

3. Considering only one reactor, the circuit of figure 8 is described
by the following equations:

1] v

'r='§t ° (8))

s Vo

's={,'-f.; J (82)
2 Ngig+ Nrir= Ni, (83)

These equations hold for the interval of time 0 t t,1 where t'l is

defined as the time at which the net ampere-turns on either reactor
reaches the coercive value, (NI). At time t, equations (Bl1) and (B2)

substituted into equatioen (B3) yield:

%‘-:-V, tin wt, + 'S‘E\é sin wh -(NI\, (B9

osolution of equation (B4) for the time t, cives:

16
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Re(NI)

) ] | Ng-vl
f‘ Ly sin m P (BS')
Nv Ra

A After the time t, the operstion of the reactors proceeds from point
b to point ¢ on the loop of figure 5, arriving at point ¢ at the time b2.
In the time interval t; < t &£ ty the equivalent circuit is shown in
figure 9, The equations describing this circuit are:

Viz2e&+i Ry, (86)
\"‘Zﬂe ic2R e
“EN, rig Ro (87
ZN‘ i‘ 'O'N)-l... =2 (N I)u (B&

Two quantities are desired from this set of equations -« the voltags Sn

to allow calculation of the flux @ that is changed in <“he reactors during
the reset half-cycle, and the time t, at which the voltage e. goes to zero

such that T2 < 15 < T -

5.  Simultaneous solution of equations (B6), (B7) and (B3) yields for
the voltage e.:

: (82)

The time tz, defined above, is found by equating the voltage er to zero
and is found to be:

=g -1 (819

6. The flux change ¥ (see figure 5) is found by Faraday's Luw:

¢";'r,/°v dt, (810
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Substitution of equation (B9) into (Bll) and evaluation of the integral
with the 1imits defined by equations (B5) and (Bl10) leads to the result:

o= —Lel_ , (813)

equation (B5l12) becomes:

(‘ N R)
= ' cos sinexy — o, COS™'0, (8i4)
¢ H-(ﬁ: 'R. E Ko = Ko U]-

7. During the time interval t,< t < Wy the reactors operate from

point ¢ to polnt d in figure 5 and the squivalent circuit is once again
that shown in figure 3. No flux change occurs during this interval; there-
fore, the total flux change during the reset. half-cycle is given by
equation (Bl4).

18
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APPENDIX C

ANALYSIS DURING OMERATING HALF-CYCLE CF BOTH CIRCUIT3S

FOR QUIESCENT CONDITIONS (vc = 0)

l. With the assumption that the reset circuits cause negligible loading
on the reacters during the operating half-cycle, the equivalent circuits
of figures 1(a) and 1{b) become the sume for this psriod of operation.

At tﬁg-;tart of the operating half-cycle both reactors are at point d of
figure 5, The currents that flow while the cores are unsaturated ars
essumed to cause negligible voltage drops across the line resistance R
the rectifier forward resistance Rgp, and the loud resistence R., there

fore, the operation of ihe cores changes from point 4 to point e in
figure 5 in essentially zero time., This leads to the equivalent circuit
of figure 10 for the time interval O < t < t., where t3 is the time at

which the operation of the reactors reaches point f in figure 5. .

2. The net induced voltage in the control circuit is zero; therefore,
the control circuit is omitted from the equivalent circuit,

3. In view of the assumptions, the supply voltage v_ is applied directly

across the power windirngs as shown in the equivalent circuit; conse-
quently, the time t3 is found from Faraday's Law:

L (3
=70, [’V, dt, (s1))

o

where @ is the flux level in the two reactors after the next previous
reset half-cycle as shown on the loop of figure 5. Evaluating the inte-
gral in equation (Cl) leads to:

N
cos wh= i — ____NZstt. (€2
H

Equation {C2) gives the quiescent "firing angle" (Wt, as a function of

the flux @ produced during the next previous reset haff-cycle and the
system parameters,

4o During the time interval t;< t < % the reactors are saturated

and operate at the saturation flux level @y (see figure 5). During this

time interval the equivalent circuit is that shown in figure 1ll. Note
that the bridge is still bslanced; therefore, no current flcws through
the luad resistence Ry during this interval. The current flowing in the

bridge during this interval 1is:

19
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2‘ - Vi »
8 R;*‘Rf.’ ( 3)

where i is the current flowing in each arm of the bridge.

5. During the time interval t;< t < T, the instantaneous power
into the bridge 1s

P-Zisv N (C4)
and the averege quiescent power is given by:
' F:’Eu':-r 2isw dT. . )
%

substitution of equation (C3) into equation (C5) and evaluation of the
integral pives the quiescent power:

. 2
V. .

R Err ~wiy+sinwky cos wf:_L (c®

If the yuicscent power Pq is desgired in terms of the "{iring angle" -

L t3, equation (CO6) is 'used. OSubstitution of equation (C2) into (CE)

leuds to:

P-_-..L. _\_/:_-Er—-cos ( ""“M)

"4 2w (R‘ +R')

+-(| \sm cos” ( -‘-ﬁ'N—'iJ €

When the quisscent power 1s desired us a function of system parameters
only, the vslue of the flux # for the parzllel reset circuit can be sub-
stituted from equation (Al4) of Appendix /. und for the series reset
cirevit from equation (Bl4) of Appendix B. In this manner the quiescent
nower 1s determined for elither bridge clrcuit of figure 1 as a function
of adjustable system parameters.
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6. If the averuge value of the quio cent current in each arm of the
bridge is desired, it cun he found frem equation (C3):

/rﬁf
Ls= Zv/ z(R,+R,)

dt. ce)

Evaluation of the Integrol gives:

IT.= Vs ¢ +coswt), €9
ST 4w (Rs+ Ri)
And substituting from equation (C2), (C%) vecomes:
V, wNs @
T¢= /ns o (i_ )' (C'O)
=2 Zﬁ\“’-‘-a\?

The nppropriate value for the flux @ can be -ubstituted into this ex-
pression to obtailn the averuge value of the quiescent current as a func-
tion of adjustable system parameters.,

7. Another quantity that may be desired from an anslysis or the quiese
cent. conditions is the firing angle wt, 3 a function of the system
parameters, Hor the bridge wiih paralle? resat of figure 1(a) this func-

tion is found by subslitution of equation (Al4) from Appendix A into
equation (C2) to give

. Ns Ry
4‘70;(' N: Re

cos wty=z|— )+2.( ) )E:os sin'ot, — o, ccs"e:J, @)

where o 1is defined by equution (£13) of Appendix &. The firing
angle UJtB for the bridpe wiih zeries reset of fipure 1(b) is found as

a function of the system parareters by substituting cquation (Bl4) from
Appendix B ints gguation (C2), thus:

21




where

NAVORD Repor't 3596

E:os sin a, = O COS™'0la]

cxo is defined as above.

22
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APPENDIX D

SHALYSTS DURING RFSKT HALF~CYCLE OF CIRCUIT
WITH PARALLEL WESET FOit DINECT COUNTROL VOLTAGE, Vc

l. luring the reset half-cycle, the control voltage V, causes a flux
difference A ¢ between the Lwo reactors. This flux difference A¢ in
turn detarmines the amount of load current that flows on the next
cperating half-cycle. Tharesfcre, the quantity to be fourd from an
aralysis of the reset half-cycie is the flux difference AP us & function
of the contruvi voliage Vg.

2. When the control voltage has the polarity shown in fipgure J (&) and

t = 0 (start of the reset half-cycle), reactor 1 is operating ut point a
and reactor 2 is at point b on the loop of figure 12, The distance ac

is equal to the distance be., As the supply voitage increuses, the opera=
tiorn of both reactors will proceed to the left : “"hown by the urrows

in figure 12, with reactor 1 reaching point d at ithe time ‘4. The

operation of reactor 2 will reach point 4 at a later time, ts.

3., During tha time interval 0< ¢t <Lt4 the equivalent circuit of

figure 1(a) is given in figure 13, Some assumptions are made concerning
this circuit, Currents that, flow during the reset half-cycle cause
negligible voltage drops across the load resistance, K , and the line
resistance, R;e The total reset clrcult resistance including rectifier
and winding resistance is lumped into the resistaunce R,.» Al¢o, the
parameters must be adjusied so that reverse voliage is on the power cir-
cuit rectifiers. (In practical cases, this is the assumption that
breaks down under very large signal conditions and 1imits the maximum
output of the stage.) The equations describing the equivalen! cirenit
of figure 13 are:

"\" = i\vg'-: —é; ) (D.)

e =1 Vi D2
ls‘—-‘sz=i—é‘£$ ( )

e = -yéf; . (03)

Since hnth reactors are in a saturated condition during this interval
no flux charge will occur in either reactor. The time tL is Adeflned as

the time at which the operation of reactor 1 reaches point d

3
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in figure 12. This means that time tA is the time atv which the net

empere-turns on reactor 1 equal the cvercive value (NI):

N, ir, (o) + 2 Ng i, (te) + Ne e () = (N1). (o4

Substituting eguations (D1), (D2), and (D3) with the defirnition of Vg
given in figure 13 leads to:

N S ‘ﬁ' H _N_s - (D’)
-§:V‘sln wfe-t R'V,sm wf¢+ Rcvc -—(NI).
solution of equation (D5) for the time ‘& gives:
Fa(ND _ Ne Re v
=L <! V] Ny R
fymgy sin | Lets B Be Ve |, (06)
B
N, Rpy
If, as in equation (AL3) of ’ppendix A, a factor x is defined as
R.(NT)
ofp = Ll 9 (e7
i+ —”J.gz
Nr Rm
and snother factor O(l is defined us
Ne Ry
Lo ERE |
LN Ry (e
Ny .p.i
Tr.en equation (L€) becomes
(09)

te= -‘f, sin™! (O(o-uavo) e

A8
o~

4
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Lo After the time tA the operation of resctor 1 proceeds down the side
of tha loop as shown by the arrovs in flgure 12, while ihs operation of

reactor 2 continues along the top of the loop arriving at point d at tvims
tse During the interval t4<' t < tg an amount of flux A ¢1 i3 changed

in reactor 1 while no flux is changea in reactor 2. During this interval
the equivalent circuit is shown in figure 14 with the previous assump-
tions still applying. The equations describing this circuit are:

V;= ‘S’: €, + iy, Re (010)
vi=Etec+i,2Ra (01
Viz e, +i.Re, (012)
2 Ngis, + Nyiy, + Neie =(NT), (013)
;szﬂ E}%; 3 (DM-)

';*:.’-' %‘; ¢ (015)

Two quantities ure desired from this set of equations -- the voltage L

to allow calculation of the flux change z3.¢ occurring in reactor 1
during this interval, end the time ts at which the net ampere-turns in

~

reactor 2 equals the coercive value (NI).

5. The voltage e, on the control winding of reactor 1 during t!

A 1 a
3 1O s vO

val tA <;t.<:t5 is found by simultanecus sclution of equations (D10)
through (D13) to be:
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The time t5 is found by equating the net ampere turna on rescter 2 to &
the cosrcive value thus:

2 Ny g,y (te) + N iry (1) = Ne e () = (N I). (o7

Substitution of the appropriate values of the currents from equations

(D12), (Dl4), and (D15) leads to the evaluation of the time 1.5:

A4 1 L
R (R R bR

Using the value of X defined in equation (D10) with the definition
A%

of 0(2:

- '— N -l
fs“"w s\n

b i b AT I (012
3 2 2
(H.!:‘J _@L-\!_n‘,-?@f\_@p;g,(gl %‘
Ny Re/' " \N/ Re i
equation (D18) haecomes:
ty= o sin™ @o+ o Ve), (029)

6. During the interval of time t4< t <t_no flux change occurs in

reacicr 2; therefore, any flutx change that occurs in reactor 1 during
this interval will contribute to the total differential flux A[J

between the reactors at the end of the reset half-cycle., Denoting the
flux change in reactor 1 during the interval £, <t < ts as A¢l, it

is found by Fareday's Law:

26
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Substituting equation
gration leads to:

(o2i)

(D16) into equation (D21) ana performing the inte-

(e 0 2)

A¢,=-L

Ne :+(—-§rg'+2(~,)m" w
LR

..&..z(N

(COS w‘|'4 cos Wfs')

I

Substituting into equation (D22

"'(Tv'f') R: +Z(‘§f\)’. Re

te, (D7) for &, . and the definition

Ry (TS' B T‘)

1

(p22)

) from equations (DY) for t,» (D20) for

(023)

and simplification of the resulting expression yields:

A4’" wN, L‘E“—"){cu sin™!(ote -t \e) ~ cos sin'(ote+ % Ve)
W Ny

He

|+

%s-

+£T%t

Ny

Ve

-~ Ko Eih"(ﬁa*‘dgv‘g -sin"(d,-u.vs.)J R (024)

<7
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i
|
l

7« At the time t5 reactor 2 reaches point d of figure 12 and remaine
unsaturated (net ampere-turns egual to the coercive value {NI)) until
time t, when the operation of reactor 2 reaches point e on the loop of
figure 12, Durlng this interval of time (t5<:‘b4<‘t6) the equivalent

circuit is that shown in figure 15. (The previous assumption~ still
hold.) The equations describing this equivalent circuit are:

A -S-:-' €., +ivRe o (o28)
w-i'-s‘e-lec‘-o-i,,z&, (0
V= KE €y +ir,Ro 5 (o27)
V= 2,3" G, + l,z?. Re , (p2®)
Vo= € =8¢, +icRey (029) .
2Mgig, + Nyiy, +-Ne = (NI) (D36

2 Ngigy+ Nyiy, = Neic 2(ND) (D31)

Two quantities are desirad from this set of equations -- the voltage
(e, = e, ) to be used in calculeting the flux difference ﬁz esta-
blished between reaciors 1 and 2 during thie interval; and the time tb

which is defined as the time at which the voltage e, goes to zero such
that 8. < t, < Ty

8. Sirmultaneous solution of equations (D25) through (031) for the
voltage(ec1 - ecz) yields

)

_&) Ry
cc' ot Cc - N’ Rc
2 lﬂ(ﬁ‘t) (N—T

U‘v

(032)

Note that this equation cun be simplified to
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2
K| NG v

o —————— e ——

Se
Where

Ki2—5—=—0r" (o349
-554-2—1-

The time t, can be found by solving equations (D25) through (D31) for

the voltage e, and finding the time such that W/ < t, < Wiy , thai
makes this voltage zero., Such a process ylelds for the time t6:
w
te=w—Ts. (oas)

9. The flux difference AS” produced bstwssn the levels in reactors
1 and 2 during the time interval t5'<.t <:t6 is found from Faraday's Law:

f‘
a ¢I.‘ T":[(eg." e‘t) dt. (o36)

Subatitution of the woltage (e, ey ~ ) from equation (D33) into this
expression and evaluation of the 1ntegra1 ylelds:

D37?)
ad,= ___K.:.'!s_-v‘(.E 21). (
'<|"c
Substituting from equation (D20) for time t_and making use cf the
identity: >
-t ¢ e
cos a:-}-—:m X 9 (038)

equation (D37) becomes:
AD, = __.:_.s_ V. cos™ (Ko 4+ 2V, Da9)
¢t w Rg'f'K‘Nc ¢ ( e c.) (

10. After the time t6 the operation of resctor 1 continues down the

side of the loocp towasrd point f in figure 12, while the operation of
reactor 2 goes from point e toward point g in the same figure. Defining

<9
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the time t, as the time at which reactor 1 reaches point f of figure 12,
the equivalent circuit for the time interval t, < t < t7 is once again

that shown in figure 1/ described by equations (D10) through (Dl5).
During this time interval no flux is changed in reactor 2, but an amount
of flux is chenpged in resctor 1 and solution of equations (DlO) tirough
(b15) will shew that this flux change is the same as A ¢1 (see equation
(D24) while the time t7 is:

ty= bty s (040

where time t, is given by equetion (D9).

11. During the time interval t, < t<Tf, no flux is changed in either

reactor; ccnsequently the net differential flux A produced between
the flux levels in reactors 1 and 2 due to the control voltage V. during
the reset half-cycle is:

ad=2aph+ob , (D4))

where A ¢ is given by equation (D24) and A @ by equation (D39).
Jubs*nution of these values into equation (D4l) yields:

ZVc_..--lu + Xa V.
A T o e—— —— e & uz c)
¢ R¢+\< N, W o5l

o (RERIC oimmst)-cos s
wNy /ei

(p42)

&Ph
'+ N, B

‘Ne Re ¥, j
N» v:- 3 sin l(d\'.’.uz\/c) ~-Ssin (“o"“'v')J R
¥ /[ )

Note that for sinall sifnals (Vc—’O) equation (D42) reduces to:

30
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b=l 2% cos'ote .
A‘(ib"'FQ.;-}-K.N,, w °

Which demonstrates that for small signals the flux difference
& linear function of the control voltage.

31
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APEENDIX E

ANALYSIS DURING RMSET HALF-CYCLE OF CIRCUIT
WITH SERIES RKSET FOR DIRECT CONTROL VOLTAGE, Vc

l. When the contrcl vecltage has the polarivy snown in figure 1(b) and
t = O (start of the reset half-cycle), reactor 1 is operating at point a
and reactor 2 is st point b on the loop of figure 12. As the supply
voltage increasas, the operation of both reactors proceeds to the laft
as shown by the arrows in figure 12, with reactor 1 reaching point d at

time t,. The operation of reactor 2 will reach pcint d at a later time t5.

2, Somuy assumptions are made to simplify the equivalent circuits

during the reset half-cycle. Currents flowing during the reset half-
cycle ars sufficiently small that negligible voltage drops occcur across
“ha line resistance R, and the load resistance RL' All the rsset circuit

resistance (rectifier forward and winding) is lumped into Rye The cir-

cuit parameters must be adjusted to maintein reverse voltage on the power
circuit rectifiers. If this is not satisfied the control circuit will

be loaded by the low rectifier forward resistance refiected thiough the
power windings and very little control can be exercised. This is the

condition that nommally limits the maximum output of ithe amplifier,

3. In view of these assumptions the equivalent circuit of figure Lib)
for the interval of time 0 € t < t, is given in figure 16. The equa-

tions describing this circuit are:

¢ Vg

Ir-=1$t', a;h
i =i Y E
SI ‘7'=2.R. 95 ( a
: V, .
| —_8 o

= R‘ (‘3’

The operation of reactor 1 will reach point d at time tL which is dafined

as the time at which the net ampere-t.iins on reactor 1 are squal to the
coercive value (NT):

Ny iy(18) + 2 Ngis, (%) + Neie(ts) =(NI), (e®)

Substituting into equation (E4) from (Ei}, (E2) and (E3) with tho value
for the supply voltage given in figure 16 yields:

32
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; . N e
%Vs sin wT++’R’:":Vs sin wlp + ‘Vc"(Nt) (5

Solution of this expression for the time ¢ 4 gives:

Ne Re Ne
L gin! |4k N Re %o | | :
= w D
Ny

Using the definitions of <X, and O(l as given in Appendix D:

ReNE
Vs (4 N

YL

N‘E’Q (e8)
YL

Ao

and

Equation (E6) becomes:

f‘, = . sirf” ’(ﬁo d;Vc) (E.&)

4. After the time tL the operation of reector 1 proceeds down the sida

of the loop &8 shown by the arrows in figure 12, while the operation of
reactor 2 continues along the top of the loop arriving at point d at time
t5. During the interval t, < t £ t5 no flux is changed in reactor z, but

a flux change A ¢1 occurs in reactor 1. During this interval the

equivalent circuit is shown in figure 17. The equations describing this
circult are:

V;= RE €c, +irRe, (EIO)
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Vi= ZN' e, +is, 2Ry (&
; El2
Vo= e +icRe, &2
. . Nei, = Nr) (Eig)
ZN‘ ls'-}-Ny'r"' C'c‘-( )
fe. = A o (E1
327 2Rx
Two quantities are desired from these equations -- the voltage e, o to

allow calculation of A ¢l’ and the time tg at which the operation of
reactor 2 reaches poiPt d on the loop of figure 12.

5. The voltage e, on the control winding of reactor 1 during the inter-
val t, < b <:t5 is found bv solving equations (F10) through (El4) to be:

R N, Ru{NI)
No 10 8.2 (Re) £ ve-

N'T (Ei5)
'*(N) R

The time t, is found by equating the net ampere-turns on reactor 2 to
the coercive value:

VS sinwt 4

2 N,i,a(r,) + Nyiv(fs) = Neie(ty) = (NI). (Ete

Substitution of the appropriate values of currents from equations (ELO),
(E12), and (El4) leads to the evaluation of t.:

5
Rb N;) Nc Rb _L[] —’
g—-sm -V: = Ra . (EVD)
N Ry hl Fh Re hl)
B2

Using the definition of o from equation (E7) and the definition
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J :i:'?;[*_(n;) ﬁl_" (E8)
= N,

(“"Sf%)j N:) <~’v> ‘R“.]

Equation (E17) becomes

te= _A.,. sin" (O(Q '!-O&gvc) o (E|9)

6. During the interval of time t, £ t £ t_ no flux change occurs in
reactor 2; consequently, the flux change z§ ﬂl which cecurs in reactor 1

during this interval contributes directly to the net differential flux
produced between the reactors during the reset half-cycle. The flux
difference 4\ ¢l can be found from Faraday's Law:

‘f’
ad,= Tv'?.,/ e, df . (e20)
ﬁ

Substituting equation (E15) into (E20) and performing the intepration
yields:
N‘ , ﬁ
N—t ."- N, %)
|4 .'3! t& N ﬁ"
(Nr) Re +Z(n:) ﬁ;
MY Ry, N RVD)
N,

e < » Ny X G
&b R (r,—rq)j-. (€20

:rg)lg, 5 [Ne\ R
I+ (7 R, TR

Ad).: T&E_ -Z-S-(co& wle - cos w'fs.)

+

Using the definitions of tA from equation (E9) and t5 from (E19) and
/31 from squation (D23) of Appendix D, equation (Li21) becomes:

35




emp (v | e e

NAVORD Report 3596

Ng R .
ad,= L (H'ﬁ’#‘g cos sini(otg=ttiVe) —€OS sin! @o+taVe)

AT/ SRR PY Ein"(«°+a3V¢)—$ih"(“o"“'VGSJ - 22)

Re
i+ N"15;

Az
\z|22
Pars

7. At the time t5, rasactor 2 reaches point d of figure 12 and remains
unsaturated until time t6 when the operation of reactor 2 reaches point 2
on the loop of figure 12, During this interval of time (t5<: A/ <:t6)

the equivalent circuit is that shown in figure 18. The equations des-
cribing this circuit ay -

Y, ! {-ﬁz €, +i, R e23)
":-—":.36! Ng ‘1 'y b’ (

N 24
V‘=-z——! Lec\-i-'s‘z.R&’ (e29)
v.= Ede '?. 2R E25)

(BE26)

Vc = e‘\ - ec,_*‘ iC Re 'y

NV‘V +2Nl i‘."' Ncit =(I‘4 I\, ) (527))
. 28

N? i‘, +2N"S;"N¢'C =(Nt)o (‘-Z

Two quantities are desired from this set of equations -- the voltage
(ec - e, ) to be used in calculating .the flux difference A ¢2 ea%&-
1 2

blished between the reactors during this intervel, and the time te at
which the voltage e, Boes to zero such that W/ & < t, < V-

)

8. Solution of equations (E23) through (E28) for the voltage (ec -8

yields: c,
2
FE Ry Ve
€ = Cep = —Aggx— - {e29)
. Ret+ % An

Note thut in 2 similar manner tethat used in Appendix D, equation (E29)
can be put in the form:
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‘ -
ec, == ecz o _ELC‘_G_V‘.;. 3 (ESQ
R(, +K1NC
whers
Re
Ke= RF (e3)

The time t¢ can be found by solving equations (E23) tharough (E28) for
the voltage e, and equating it to zero to f'ind time t such that

2 6
Tew< o< “ T

Ty = -Z-S- -1y, (£32)

9. The flux difference produced between the levels in the two reactors

during the interval) of time t; <t <L t6 is found from Faraday's Law:
} ]

'.
A¢l= "N!:/(e&\_ e‘t,) d? ® (5.33)
s

Eveluating the integral using equation (E30) gives:

adys oDV (B-21). (9

R+ MpNe
Substituting the tims t5 from equation (E19) and using the identity:

cos™'a =% ~sinva , (a3%)
Equation (E34) becomes:
2 __ KgNe V, cos™! (ke +“!V°)o (3@

b ¢|.= w R‘.._K‘ N:‘

10. After the time t6 the operation of reactor 1 continues down the

side of the loop toward point f in figure 12, while the operation of
reactor 2 goes {rom point e towsard point g in the same figure. Defining
time t7 as the time at which rcactor 1 reaches point t of figure iz,
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the equivalent circuit for ile time interval t6 <t < ty is once again

that shown in figure 17 witn equations (E10) through (El4) describing the
circuit. During this interval of time there is no flux change produced
in reactor 2, while in reactor 1 a flux change A ¢l occurs which is the

sume a8 thal occurring during the interval t4< t (ts. This can be

shown to be true by solution of the appropriate equations or by physical
reasoning.

11. At the time t., found to be

th=i—th. (£37)

7

reactor 1 reaches point f on the loop of figura 12, During the interval
of time t, < t < o , no flux change occurs in either reactor; con-

sequently the net flux change produced between the levels in the two
reactors during the reset half-cycle due to a control voltage Vo iss

ad=2ad+ad, (e2d

where A ¢ is given by equation (E22) and JAN ¢ by equa‘tion (E36),
oub..k.it.ution of these values into equation (E38) yialds.

ad = Kz Nc__i 2Y% (o5 (okp +-2aVe)

Re+IG NS W

Vs (l - Nf \' (cos sin! (o, - ot.\/‘) ~ cos sin '(0"'“’"\Q

iN Ny /8,

/ﬂ‘ A \-k — )Eﬂh'(&(o"‘“syc.) - Sin '(““'"' ":D €29)

L

NA‘
\' N Ny Rﬁ

Note that for small signals (V,—e-0) equation (E39) reduces to:

38
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KaNe _ 2Me (o5 'ox
A - S 7 Ooe
¢ Rc+KGNe

(E49

This demonstrates that for small signuls the flux difference A #is o

linear function of the contrcl voltage.,

39
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APPENDIX F

ANALYSIS DURING OPERATING HALF~-CYCLE
OF BOTH CIRCUITS FOR DIRECT CONTROL VOLTAGE, Ve s

1. In order to draw ai. equivalent circuit for the half-wave bridge
magnetic amplifier for operation during the operaiing nmir-cycle, a num-
ber of assumptions must be made. The assumpticns apply to both circuits
of figure 1.

a. The saturated impedance of each arm cf the bridge (resistance
of one power winding plus the forward resistance of one rectifier) is
denotad Rp and 1s assumed resistiva,

b, The voltage drops across the rectifier forward resistances and
the load resisiance due to reactor exciting currents are negligible,

cs The reset circuits have no effect on the circuit; hence they
can be disregarded during this balf-cycle of cperation.

d. When load current flows, it is very large compared to the
exciting current,

e, The control circuit presents a sufficiently high impedance to
the loaa circuit that it can be disregarded.

2+ Using the abcve assumptions the equivalent circuit for buth figures
i{a; and 1{bj 1s shown in figure 19 for the time interval 0 L t < tg
where tg is defined as the time at which the operetion of reactor 2
reaches point i in figure 12. During this interval the reactor fluxes
change at the same rate; thereofore, when the operation of reactor 2
reaches point i in figure 12 (t = t8), an amount of flux () @ must be

changed in reactor 1 before it, too, reaches point i, The time at which
this occurs is defined as t9.

3 During the time interval t8'< t <:t9 current is delivered to the

load, The equivalent circuit for this time interval is given in figure
20. In view of assumption (d) above, by simple voltage division:

Cs= R_+ 2R+ Rs Vs
and
Ro :
V= AR .
£ F?L*'Z4?}+-RQ s 0:2)
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The flux. change in reactor 1 during the time intervail t8 <t <& t,9 is,
by Faraday's Law:’

ts
A=y [ es dt, (F3)
Ts
While the average value of the load voltage is:
fe
V=5 [% dt. (F4)

Subatituting sguaticn (F1) into (F3) and (F2) into (F4) gives:

t
1 RERe D [yt gt (F5)
A‘t’“m(,awza,m,), ¥shsintdity
T‘
and
t "
o Ry [ in wt dt. i
V= > R._-O-ZR;J-Pg)/ Vs sinw
s

Elimination of the integial between equetions (#5) and (F6) leads to:
V'- ZﬁNs(RL"R!) 4. (

This is a gain equation describing the operstion of the circuit during
the operating half-cycle because the input on this half-cycle is the
flux difference A @, while the output is the load voltage V.-

41




NAVORD Report 3596

APPENDIX G

GAIN EQUATIONS AND OPTIMIZATIGN OF CONTROL CIRCUIT
WITH PARALLEL RESET

1. Combininy equations (D42) of Appendix T and (F7) of Appendix F
givez the average load voltage Vl as 8 function of the direct control
voltage Vc:

= (P ) KiNe . NeVe coqmt (ox, +06. Ve
VL'(RLH‘% Re+IGNE T <°8 EeroaNe)

R
+ Ne M —li—j cos sin"@t,-ot.\/c,)— cos sir'(olet+ oV
Ny 27 fg'
Ve

HEﬂ;!; — Dy [Sl'ﬂ"(ﬁto +U;Vg\) = S!'n"(“o"“uvcil—l . (G |)

This equation indicates the types and magnitudes of non-linearities in
the tranisfer function of this amplifier even when "ideal" components are
assuned,

2. In a practical amplifier of this type there is a good usable range
of output levels over which the gain is very nearly constant. Also, in
servo applications the gain of interest in studying stability is the

pein nesar zero control voltage. In this region the expression of equation
(Gl) simplifies to:

Vi Re ) K Ne. )f—‘-’-cos"o( (62
v, "(RL+R,. Re+i,NE/ T o '

fiood design information can be obtalined by studying this expression.
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3. Inspection of equations (D7) and (N34) of Appendix I, shows that

neither'Kl nor CX is a function of the control turns Nc; thecefore t'e

sxpression given in equation (G2) can be meximized with respect to No by
taking the partial derivative of the expression with respect to N, and
equating to zero thus:

A/
O::a("‘:’i"'( Ry VK (Rc"'KlNC) K'N‘(ZK'N—i N‘ cos” ao" (63)

a:% = RL+R5) R‘-Q-K No

Solution of this expression for N, ylelds:

N = —\/:R: G4

Substitution of this value for N, into equation (G2) gives:

~.=<

( Ru )l_-\-l-v!cos o o (c9)

Vc R+ R‘v R, 2w

This equation holds true so long as N, is adjusted according to equation
(G4), in which case this is the maximum attaincble gain if all the para-
meters except N. are fixed.

Le The optimlization of this expression with respect te the cther pura=-
meters is quite involved. The effect of each one on the gain can be
investigated but it is rather difficult to derive simple conditions like
that for ths control turns above,

5, If the power gain of the d-c component of the cutput is desired,
this can be obtained from equation {G5) thus:

VL R¢ = & K N3 o G‘)
R T (RotrE 4T : (oce), (

Note that this expression is independent of the control circuit para-
meters. Thus, with the design of the power and reset circuits and wlth
the control turns sdjusted according to equation (G4), equation (G6)
gives the maximum obtainable power gair through the circuit.
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APPENDIX H
GAIN EQUATIONS AND OPTIMIZATICN OF CONTROL CIRCUIT
WITH SERIES RESET

1. Combining equativns (E39) of Appendix E and equation (F7) of
Appendix F gives the average load voltage V| as a function of the direct

control voltage V,:

Ry KaNe  NeVe ooo-tro v oV
Vo= (R,m,) lfcwgﬁf ™ : )

1+t we)

cos sin u.-u V)-—cos :in"(a.+ct. .-.)

-

(Hi)

2 v \ HE N (P %] g)\l
.ri [sin (EerouVe) = <" (= “VJ/J

Note that except for the definitions of K, and Ci this explession iz

~

the same as equation (Gl) of Appendix G for the chcuLu with parallel
reset.

2. For small signals (V,~—+0), equation (Hl) simplifies to:

V. [/ R K2 Ne N; -
e Tk (T2 ) 2 cos™ H2)
VE RL*-R@)(;?¢4~NQPUe L e (

This is the same form as equation (G2) of Appendix G; hence, to adjust

the control turms for optimum gain, the control turns must be adjusted
rn.ececording to:

Re
. N =y 5 . (H3)

Substitution of this value into equation {HR2) yields:

L,
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R AL (19
% R..-PRG) Re 2w

This equation holds true when Ng 1s adjusted according to equation (H3).
If all other parasmeters except N, are fixed, this expression glves the
maximum gain obtalnable.

3., The optimization of the rest of the paremeters 1s complicated but
the effect of each one on the circuit can be found by studying the ex-
pressions given. No simple expressions like that for control turns can

be derived for the other components. :

L. The power gain to the d-c componisnt of the output is:

% 2
Vo "Re. _Ru K, :'-‘-‘l-‘ (cos"'oto) . (HS)
Ve -E:_- R, 4w

(=+ R})"'

This expression is independent. of control circuit persmeters, showing
that when everything but the control circuit is fixed there 1s a maximum
power gein obtainable through the circuit which 1s independent of the
impedance level of the control circuit so long as the control turns Ng

are adjusted according to equation (H3).
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Pennsylvania
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Arma Corporation, Garden City, Long Island, New York
Attention Engincering Division ce:vceiiaiaaaiiiiieriinenannnas

Librascope, Incorporated, 1607 Flower Street, Glendale 1, Caiifornia
Attention Engineering Division ceevsscecececcrctsssssnsscsnsacnns
Vitro Corporation of America, $02 Wayne Avenue, Siiver Spring,
Maryland
Attention Libmrian O 2 00 0 0 0000 0O OO0 RO U OO0 00NN SRS NI RGOS

Sperry Gyroscore Company, Division of the Sperry Corporation, Great
Nack, Long Island, New York
Attention Special Armament Systems LCepartment .eecscecessescsesss

Massachusetts Instituis cf Technology, Cambridge 39, lMassachusetts
Attention Professor G. C. Newton, Jr., Sorvomechanisms Laboratory,
Building 32 90 0 00000 00000000 080000000 . 0000000 00do0enr
meessor Eo W. BOehne, Room 1‘-207 SePes OO DPOIOICOISIOIBSIOEIRITOOS

Professor D. C. White, Elsctrical Engineering Dopart-
ment, Room 10-198 0000000000000 0000 00000000008 0000008

Mr. H. H. Woodson, Servomochanisms Laboratory,

Building 32 000000 00000008 008060060006008000800088080e 88808

Illinois Institute of Technology, 3300 S. Federasl Street, Chicago,
Illinois
Attention Dr. P. L. Copeland, Head, Depaitmeni of Physics .sescees

Illinois Institute of Technology, Tachnology Center, Chicago 16,
Illinois
Attention Mr. L. C. Labarthe, Electrical Engineering Research,
Armour Research Foundation 0000000000000 000000300000

Yule University, Department of Electrical Engineering, 10 Hillhouse
Avsizue, New Haven, Connecticut -
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University of Wisconsin, Madison 6, Wisconsin, Department of
Electrical Engineering, Engineering Building
Attention Professor T. J. Higgens Sesecsecrsesssnss sttt tse Do

University of California, Berkeley 4, Celifornia, College of
Enginecring. Division of Electricul Fngineering
Attention Profest;or O. J' ld. smith 0 0 0 0 00000000 0000 S OSNOSEOYNUEBBOEOEOLEOSODSED

Purdue University,
Engineering
Attentioﬁ E;q Mo Sabb&gh ‘oo-.ooooo.-00.'0ooo'o--ooo--v---o-ooo.-..

Lafayette, Indizna, School of Electrical

hApplied Physics LEboratory, Johns Hopkins University, 8621 Georgia
Avenue, Uilver Spring, Maryland
Attention H. A. Tellman, Technicael Liuison Representative .eee.es
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University of Illinois, Urbana, Illinois, 306E Talbot Laboratory
Attention PPOfGSSDr Hill e WUrluy 000000 IBBOERIIPA" T 280000008
General Electric Research Laboratories, The Knolls, Schenectady,
New York
Attent‘j—on H. M. Ogle 00 9055500000006 0602 1000000060000 0000000000000

General Electric Company, 1 River Road, Schenectady, New York
Attention V. J. Louden, Bullding 28-518 .eeesesccccvcncscsccrccne

General-Tiecsric Company, Electrunics Division, Advanced Elec tronics
Ceniter a%t Ccrnell University, Ithuca, New York
attention George M. Miller, Airborne Systems Section eiccccesssee

Bendix Aviation Corporetion, Red Bank Division, Fatontown, New
Jersey
Attention William H. Strasener $ 000000200000 00060000 0000000008000

Bendix Aviation Corporation, Bendix Products Division, Mishawaha,
Indiana
Att‘ention P. El SwiSher OOOOIII‘...l.l.l.n..:Cﬁl;lllllﬁliateat.iéi

Bendix Products Division, Bendix Aviation Cerporation, 401 Bendix
Drive, Scuth Bend, Indiana _
Attention Lyle Martin, Department 863 .ecesscesesssssssssssscsans

Bendix Aviaticn Corporation, Friez Instrument Division, 1400 Taylor
Avenue, Baltimore 4, Maryland
Attention Fe. Sion, Project Engineer 00000000 sssOIIOECOOIOIOINOEOES

Bendix Aviation Corporation, Bendix Computer Division, Hawthorne,
California

Attention Mr. C. B. Dennis, Customer Relations8 «c.eceesncecoseces

Bendix Research Laboratory, 4355 Fourth Street, Detroit, Michlgan
Attention Dr, Albert C. Hall’ Director of Research e0sscsssssssoee

Raytheon Manufacturing Company, 148 Californie Street, Newton 58,
Massachusetts
At‘tention b’l. S. Hartle;’ G0 000 0000080653538 000000000080008000000cs00000

Rayiheon Manufacturing Company, Missile znd Radar Civision,
Waltham, Massachusetts
Atiention Mr. Herold Asquith 0000006006000 0360 0080060000080 0ss0 000000

Raytheon Television and Radio Corporation, 4132 West Belmont
Avenue, Chicago 41, Illinois
Attention Herbert F. Wischnia, Research and Development Division
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Components und Materials Branch, Squier Signal Laboratory,
Fort Monmouth, New Jersey
Lttention Mr. Murcel P. Zucchino, Copo Section eeers0e0scussnso e

Westinghouse Electric Corporation, 7325 Pennsylvania Avenue,
Pittsburgh 3, Pennsylvania
Attention Dr. R. l‘l. mey ...',......t..g.?-.’,...o..i;.......l..

Westinghouse Electric Corperation, Friendship Airpcrt, Baltimore,
Maryland
Attention Alr Arm Division 00000 0000000000600 s0000000000000000000808

Ahrendt Instrument Company, 4910 Calvert Road, Cnllege Fark,
Maryland
Attention Go Ao Etzweiler 000000 00000060000 °000000000000000000000°

Kearfott Company, Inc., 1150 McBridge Avenue, Litlle Fails, New
Jersey
Attentlion J. A. Bronson G 00 0 000000800080 000000608080006000000000R0FSS~SD

Convair G. M. D,, Computer Group, Pomonz, California
Attention E. vV, nason 00 0008000000000 000000000006000 00 0000060622338

Convair, Electronics and Guidance Section, San Diego, Celifornia
Atbention R. T. Silbeman .......‘....0..t..t.........b..........

Ketay Manufecturing Corporation, 555 Broadwsy, New York 12, New York
Attention Mr, Lec Botwin 0000000 00000c000000000000006000060000000008

Radio Corporation of /merica, RCA Victor Division, Camden,
New Jersey

httention H. M, Roseman ooonho;oooooooooooooooooooooooooooooooooo

Burroughs Adding Machine Company, 511 N. Broad Street, thila-
delphia 23, Pennsylvania
Attention Dr, Williamson, Hesearch Divizion .:::eevsvcsccsesccnse

Bell Telephone Laboratoriss, whippany, New Jjersey
Attention Lo W. St&mmerjohn 00600020 0009000000000 IOONIIPOEINPBSIOENDITPOSEDIYS

Control Engineering Company, 560 Providence Highway, Norwood,
Massachusetts

Attenhlon Be M, Hildebr&ndt 0000000 0000000000008 06000000006000OBRBCCSS

Norden Laboratories, Inc., 121 Westnoreland Avenue, White Plains,
New York

/Lttention "\’. J. 13I‘acmn 000000000000 000000000800 0020000000000

“ord Instrument Company, 31-10 Thomson Avenue, Long Island City 1,
New York
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Specialties, Inc., Skunk's Misery Road, Syosset,, Long Island,
New York
Attention Gerard E. FOrresSst seecccecccscrnccccancsascssrssasscecssas

fagnavox Company, Bueter Road, Fort Wayne, Indiana
Attention A. f. Schiid, Nagnetlc Dsvices ..evessssecccccrsoncesnes

Reguiator Equipment Corporation, 55 !laeQuester Parkway South,
Mount Vernon, New York : ]
Attention W. J. Dorﬁhoefer, Chief Engineer €00 0030r0000000 0000000

Wayne Engineering Research Institute, 655 Merrick Avenue,
Detrolt 2, lichigan
Attention James R, Walker " e 0000008 000000000000 0000000 00000000000

Rediomarine Corporution of America, 75 Varick Street, New York 13,

New York OB B 0000 000000000000 000 00460009 Povv0000000000000000000000008

Philco Corporation, Philadel;-hia, Pennaylvania
Attention R. v. Atﬂtarian 2009500000000 000000 vs 00 00s0s0s0000s0s 0000000

Davies Laboratories, 4705 Queensbury Road, Riverdale, Maryland
Attant{ion Jamea E. King 0000009506 000000000000000000000000s 00008000008

federal Telephone and Radio Corporation
Clifton, New Jersey
At?lention w. L. wescoat 900000000900 00000600069°508 0000000000000 001090%080

100 Kingaland Road,

H

Freed Transformer Company, Inc., 1713 Weirfleld Street, Ridgewood,
Brooklyn 27, New York
A.'.;tenbion Philip Fomn 00010 0000000000000 0600P060000000000080ss0000

franklin Control Corporation, 1975 5. Allis Street, lMilwaukee 7,
Wisconsin
Attention ¥, 3. Malick 0000000000 00000000000000000000000000000000

Engineering Department, A., C. Spark Plug Division, General tlotors
Corporution, ilwaukee, Wisconsin
Att’ention D& C. Flem‘.ng O 0000860 000000000 0000 P 00" PSS EN)IEYEESEE g

Control Instrument Company, Inc., ¢7 Thirty-{ifth Street,
Brooklyn 32, New York
Attention Edward Lolise, Chlef l'evelopment Enjyinecr ciececesscsses

Polytechnic kesearch and Development Compuny, Ine,, 202 Tillary
Street, Brooklyn 1, New York
Atﬂtention b/‘r. l)an.d Feldmn 906 0606060000 9000000005 0000600048 09006008 9°08 0850 2

Aveoe Manufaculuring Corporation, Crosley Bivislon, Cincinnati 25, Ohlo
Attention Lewis 1. Clement, Technicul favisor Lo Generel Vunapger
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Flectrical Engineering Department, Royal Alreraft Establishment,
Farmborough, Hants, England
Attention Dr. C. S. Hudson e 8T 000000000000 V00000000000000000000

Magnetics, Inc., E. Butler, Pennsylvania
Attention E. v. weir 0000000000007 020000600000 08006000 sad0d0600i000

International Instrument, 'Inc., 2032 Harold St-~eet, Houston, Texas
Attlention }'{. tV:. l-"el]or 0000008 00000000092 000000000000 0000ccseoesie

fenwall, Inc., Ashland, Massachusette
Attentlon M. G. Freed, Project Engineer ..cececececccccoecccceces

General Radio Company, 275 Massachusetts Avenue, Cambridge 39,
Massachusetts
Attention W. N. Tuttle, Engineering Consultant «..ececeerecrcecse

North Ameriazon iviation, Inec,, 12214 Lakewood Boulevard, Doumey,
Cullfornia
Lttention ”r. Alfred Krausz GO 8 P P OO SBOOO OO0 SE000600 000000000 COIEOIESTILITITS

schliumberger Well Surveying Corporation, P. O. Box 2175, Houston,
Texas
Attention W, B. 3teward, iAdminlstrative Assistant eeeeeececssccs:

Ue 3. Geologleal Survey, Section of Jeochemistry and Petrology,
Washinpton 25, D, C,
Attention Leocnurd Sh&pirc, Chemist 23-¢tsessssssssstsa200002scss0s

~andia Corporatlion, Jandia RBa-n, Albuauewgue, New Mexico
Attention fllen looten S 0000000 0000000600000006007060000000000000008
Division 1264’ 0 00000 860006006 TR OSLHOSOOLO000 0080000000000 OCCEOS

Cellins wadin Company, Cedur Rapids, Iowa
Attention k. F. Plckering, Engineering liepartment 2 .eceeesscccns

ook Research Laboratories, 27C0 Southport Avenue, Chicago 14,
[11inois
kttention Donald (. McDonald 0000 060R00000606060000006000z0000006R0000

Chleago Midwny Laboratories, 6040 freenwood Avenue, Chicago 37,
Illinois
Abtenbion :“rwin Krucoff 008000 000008000060 08608600080000806000b 0000000000

f1len=lrudley Compuny, Milwaukese 4, wWisconsin
sttention . “. Jch}icko, Consulting Enginear XYY

Thoanzon Produects, Inc., New Devices, 2196 Clurkwood Road, .
Gleveland 3, Gnhis
ittention Ltephen H. Falrwed.iher, Jtaff Research and Development
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Consolidated Gas, Electric Light and Power Company of Baltimore,
335 Lexington Building, Annex 2, Baltimore 3, Maryland
Attent‘ion Library ® s 39 6 6000060000 ¢ 0050 OG0 60000 OP ISP SO LO SO PO AL S S

Commanding Officer, U, 5. Naval Ordnance Test Station, China Luke,
California

Attéﬁtion Harold W. Rosenburg, Cole 3542 R REEEImrmmmmmmmImnonmoTmTm

Emerson Research Laboratories, 701 Lamont Street, N.W.,
washington 10, D. C.
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